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Topological pressure of free semigroup actions
under a mistake function for non-compact sets
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Abstract: Topological pressure is a core concept of dynamic systems and ergodic theory, which plays
an important role in the study of thermodynamic formalism. As the physical process evolves, it is natu-
ral for the evolution process to produce changes or some errors in the orbit calculation. However, a
self-adaptable system should decrease errors over time. In this paper, we introduce two definitions of
topological pressure of free semigroup actions under a mistake function by using C-P structure and
prove that they are equivalent. Furthermore, we show that the topological pressure of free semigroup
actions under a mistake function on a non-compact subset is equivalent to the topological pressure of
free semigroup actions of the subset without mistake function. As an application, we use the above
theorem to show that the topological pressure of free semigroup actions defined by mean metric is
equivalent to the topological pressure of free semigroup actions defined by Bowen metric.
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Topological pressure, introduced by Ruelle''’ and Walters'?’, is a core concept in dynamical system and
ergodic theory, and plays an important role in the study of thermodynamic formalism. From the viewpoint of di-
mension theory, Pesin and Pitskel**' studied the topological pressure of non-compact subsets by using caratheory

structure (C-P structure) , and proposed the topological pressure of non-compact sets in dynamical systems,
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which is the generalization of Bowen's*' topological entropy defined by non-compact sets. As the physical pro-
cess evolves, it is natural for the evolution process to produce changes or some errors in the orbit calculation.
However, a self-adaptable system should decrease errors over time. This prompted Cheng, Zhao et al'® to
study the dynamical systems under a mistake function. They defined the pressure for asymptotically sub-additive
potentials under a mistake function, and proved that the topological pressure under a mistake function is equiva-
lent to the topological pressure without mistake function by using the ergodic theory. Later, Chen et al’ gave
the concepts of topological pressure with mistake function and showed that the topological pressure under a mis-
take function on any subset is the same as the classical Pesin pressure of the subset in dynamical systems. This
means that the topological pressure under a mistake function in the dynamical system is adaptive, which generalizes
the result in the additive case in [3].

With the development of research on dynamical systems, the dynamical systems of group action has attracted
people's attention. To study some questions, Xiao et al'*' gave the definitions of topological pressure and upper
and lower capacity topological pressures of a free semigroup action by using C-P structure, and obtained some
properties of them. Naturally, we wonder if the topological pressure of free semigroup actions has the similar
result in [7]. In order to answer this question, in this paper we introduce the definitions of topological pressure
of free semigroup actions under a mistake function and show the topological pressure of free semigroup actions
under a mistake function is the same as the topological pressure of free semigroup actions defined by Xiao and
Ma'*',

Furthermore, Groger et al®’ showed that the entropy of the whole system with Bowen metric is equal to the
entropy with mean metric. As an application, we prove that the topological pressure of free semigroup actions
defined by Bowen metric coincides with the topological pressure of free semigroup actions defined by mean met-
ric on a non-compact subset.

This paper is organized as follows. In section 1, we give some preliminaries. In section 2, we introduce
two definitions of topological pressure of free semigroup actions under a mistake function and prove the main re-

sults. Finally, we give an application.

1  Preliminaries

1.1 Words and sequences

Let F; denote the set of all finite words of symbols 0, 1, ---,m —1. Forany w € F}, the length of w, denoted

m

by |w|, is defined the digits of symbols in w. Obviously, F with respect to the law of composition is a free

semigroup with m generators. We write w’ < w if there exists a word w” e F, such that w = w"w’. For w =

+
m?2

Denote by >

i+, € F., denote w = i,+i,.

.. the set of all two-side infinite sequences of symbols 0, 1, ---, m =1, that s,

S, ={o=0"iipi,): =01, m—1 forall integer j}.

wel’

m9

a, b are integers, and a < b. We write w|[u Ly =W ifw=1.1,,,i,_,i,

Suppose that w € 3

Denote by 3. the set of all one-side infinite sequences of symbols 0, 1, -, m —1:
St ={w="(ig i, ) i;=0,1,--, m —1 for all integer j }.
1.2 Mistake function
Let's recall the definition of the mistake function in [ 7], which is a little bit different from [6,10].
Definition 1 Given &, > 0, the function g: N X (0,&,] — R is called a mistake function if g(n, &) <

g(n+1,g)foralle € (0,&,]and n € N and

lim lim 7g(n, £)

e >0n—>w n

=0.

For a mistake function g, ife > g,, setg(n, &) =g(n, &,).
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1.3 Definition of topological pressure of free semigroup actions by using open covers
Let (X, d) be a compact metric space and G be the free semigroup generated by f,, f1, =*»f._1» Where f;(0 <
i <m - 1) is continuous transformations from X to itself. Given ¢, ¢, -, ¢,_, € C(X,R), denote ® =

{SDO»QDJ"",Q%-J}- For simplicity of notation, we write f, instead of f, °f © - °f , where

+

w =1,1,+°1, € F.. Obviously, f,.=f.f.foranyw,w' e F;. Forw =1,i,-++i, € F, denote
S.P(x) =9, (x)+ ¢, (f (x))+ -+, (fi . )
Xiao and Ma'* introduced the notion of topological pressure of free semigroup actions by C-P structure as
follows:
Considering a finite open cover Z/of X, write|U| = max{|U|: U e U}, and let
S () ={U=U,U, . U): Uet'},

n

+ 1
where /"' = HZ//and n = 0. For any string U e S,,,(U), define the length of U as m(U) =n + 1. We put

i=1
S=8)=,.,8 ). For any w = (i), is,**,i,,--) €2, n=>1, and a given string U = (U, U}, -, U,)

e S,, (U), weassociate the set

X (U)={xeXinelyf,o o f(x)eU,j=1,2n|.

)

Ifw, = 0| i)i,>++i, € F),, wealso denote X,,(U) by X, (U) for brevity.

[0.n-11

Givenw e F, |{w|=N,Z C Xanda € R, define

m?

M (Z,a,®, U N): =i§1f Zexp —am(U) + sup SuUCD(x) s

Ueg, xeX,LU(U)

where the infimum is taken over all finite or countable collections of strings &, C S(Z/) such that m(U) = N + 1
forall U € G, and G, covers Z (i.e. forany U € G,, there is w, € F, such that w < w, and U X, (U)D 7).

Ueg,

Let

M(Z, e, ®,U,N) = L\ S M, (Z,a,®,UN).

m =
We can easily verify that the function M(Z, o, @, U, N ) is non-decreasing as N increases. Therefore, the fol-
lowing limit exists
m(Z,a,®,U) = \1% M(Z, o, ®,U,N).
There is a critical value of @ at which m(Z, a, ®, U ) jumps from o to 0. Denote
P, (G, ®,U)=inf{la: m(Z,a ® U)=0}=supla: m(Z,a ®,U)=x}.
The topological pressure of a free semigroup G with respect to ® on the set Z is
P,(G,®) = “}‘iglo P,(G,®,U).
1.4 Definition of topological pressure of free semigroup actions by using the center of Bowen ball

First, recall the definitions of the Bowen metric and (w, § )-Bowen ball.

Let X be a compact metric space with metric d, f,,f,, -+, f, -, continuous transformations from X to itself.
Suppose that a free semigroup G with m generators f, f,, -+, /.., acts on X. Denote ® = {goo,go], ey gom,l},
where ¢y, ¢, =, ¢, ., € C(X,R). Foreachw e F, anew metric d, on X (named Bowen metric) is given by

d, (%, 2,) = max d(f,(x)), [ (x,)).
Clearly, ifw <u", thend, (x,,%,) < d(x,,x,)forallx,,x, € X.

Fix a number § > 0. Givenw € F; and a pointx € X, define the (w, §)-Bowen ball at x by

m

B,(x,8) = {y eX:d, (x,y)< 5} .
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Based on the work of Climenhaga in [11], Xiao and Ma'* defined the topological pressure of free semi-
group actions by using the center of Bowen ball. Now, let us recall the definition of topological pressure of free
semigroup actions by the center of Bowen ball in [ 8 ].

Let F denote the collection of Bowen ball, thatis,

F= {Bm(x,ﬁ): xeX,we F;} .

Givenw e F, |lw|=NeN,ZC Xanda € R, define

m?

M (Z,a,®,8,N) = igf Z exp(—a -’ |+ SCD(x)) ,

B (x,8)eg,
where the infimum is taken over all finite or countable collections &, C F covering Z (i. e. , for any B, (x,5)

€G, w<wand |J B, (x,8)D2).

B 1(x,8) € g,

Set

M'(Z, 0, ®,5,N) = — > MUZ,a,®,8,N).
m- r=n

It is easy to verify that the function M'(Z, a, ®, 5, N) is non-decreasing as N increases. Therefore, there ex-

ists the limit
m' (Z,a,®,8) = lim M'(Z,a,P,5,N).

e
Same as above, denote the critical value of « by
P,(G,®,8)=inf{a: m'(Z,a,P,8)=0}=sup{a: m'(Z,a, ®,5)==}.
The topological pressure of a free semigroup G with respect to ® on the set Z is
P,(G,®) = }i{%P}(G, d,5).

2 Main results and example

Based on [6-7], in this section, we first give two concepts of topological pressure of free semigroup ac-
tions under a mistake function by using open covers and the center of mistake Bowen ball respectively. In addi-
tion, we show that these two concepts are equivalent to the definitions of the topological pressure of free semi-

group actions introduced by Xiao and Ma'*'.

Finally, we give a notion of mean metric and show that the topo-
logical pressure of free semigroup actions under a mistake function defined by Bowen metric agrees with the to-
pological pressure of free semigroup actions defined by mean metric.

Let £y, f, ***»f. -1 be the continuous transformations from compact metric space (X, d) to itself. Denote G

the free semigroup with m generators f,,f,, -+, f,_, acting on X. Given ¢4, ¢,, >+, ¢, _, € C(X,R), denote

D ={p,@, @, i}
2.1 Definition of topological pressure of free semigroup actions under a mistake function by using open covers

Considering a finite open cover Z/of X. For any string U € S,,,(U), let
U = {U = (U5, U7, U)s 3 (U # Uj = 0,1, n) < g(m(U), [U)]

n

define the length of U¢ as m(U#) = m(U) = n + 1, and let S*,,(Z/) denote the set of such U* of length m(U*) =
n+ 1. We put S¢(2/) = Unzle(L/). For any w = (i,, iy, ***,i,,***) € 25, n =1, and given U* € 8¢, ,(U),

n’

we associate the set

XM(U"')Z{x e X: dU e Ufsuchthat x € Ug,f./ © eee 0 f

i i

1(x) elU,j=1, ,n} .

Ifw, = ol

” =1,i,++i, € F!, we also denote X, (U#) by X, g(Ug) for the sake of convenience.

[0,n~1]

Givenw € F;, |lw|=N,Z C Xanda € R, we define
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M, (Z,a,®,U,N,g) = inf Zexp -—am(U)+ sup S, D(x)|;,
v U e G& veX, (U9 .

where the infimum is taken over all finite or countable collections of strings ¢* C &*(Z/) such that m(U¢) >
N+ 1 for all U*e G and G covers Z (i. e. for any U*e G¢, there is w, € F, such that w < w_w and

UX (U#)D Z2).

U e g
Let
1
M(Zya’ q)»L[»N’g) = N 2 Mw (Z,(X, q)’u’N’g)'
fi= N
We can easily verify that the function M(Z, o, ®, U, N, g) is non-decreasing as N increases. This guarantees
the existence of the following limit
m(Z,a,®, U, g) = \hm M(Z,a,®,U, N, g).
There exists a critical value of the parameter «, which we will denote by P,(G, ®,U, g), where
m(Z, o, ®, U, g) jumps from o to 0, that is,
0, a>P(G,(D,Z/[, )v
m(Z,a,®,U, g) = ’ ¢
o, a<P,(G, DU g).
The following theorem discusses the connection between the above definition and the topological pressure
of free semigroup actions defined by using open covers.
Theorem 1 For any set Z C X, the following limit exists and equals to the topological pressure of a free

semigroup action G, thatis,
P[(C9(I)) = P[(G’ q)yg) = \Z}}mOP[(G’ cb,Z/Lg)

Proof We use the analogous method as that of [3]. On the one hand, given w = i,i,*++iy € F}, for any
UeS,.,(U), we denote the word that corresponds to U by w,, such that w < w,, and corresponds to U* by W,

such thatw , = w,, then we have

X, (U) C X, (U%).

Let
A= AMD) = max{Hgoj :J':o,1,--~,m—1}, (1)
and
B =B =sup{|e,(x) =g, |: oy e U, Ut j=0,1,,m - 1f, (2)
where ” ®; ” = fl:li)’(pj(x) ’ Because of ¢; € C(X,R), ¢, is uniformly continuous for 0 <j < m - 1. Then g is fi-

nite and ‘g‘imoﬁ = 0. Furthermore, foranyx e X, (U*)andy € X, (U), we have

]s,(” - S, ®(y )‘SZ)\g(m(U),|L{|)+ﬁm(U).

Now, givenw € F; with|w|= N, then forany & > 0, thereis ¢, C S(Z/) covering Z such that

M (Z,a,®,U,N) = ZGXp —(a+&)m(U)+ sup S, O(x)

UEQJ xEX“U(U)
> z exp| —(a+&)m(U)+ sup S, ®(x) = 2xg(m ), |[U|) - Bm(U)
vieg cex, (V)

> Y exp(-(a+e+B+y)m(U)+ sup 5, Px)),

veg! xsX“U(U“')
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where G, ={U*: U € G, ,w,, = w,}, 7 is a function such that
24g(m(U), [U]) < ym(U) (3)

forallm(U) = N + 1 andy — 0 as I/l — 0. Moreover, we can get

M (Z,a, b, UN)2M, (Z,a+e+B+7y, ®,UN,g),
which implies

M(Z,a, b, U, N)2M(Z,a+e+B+vy,D,UN,g).
Taking the limit N — oo yields
m(Z,a,®,U)=zm(Z,a+e+B+7y,Dd,Ug).
Therefore,
P,(G,®,U)=2P,(G,P,Ug)-ec-B-Y,
and as I/l — 0, thatis, 8 — 0, y — 0, we obtain
P,(G,®) = limsup P,(G, ®, U, g) - &.

U] =0
By the arbitrariness of ¢, we have
P,(G,®) = limsup P,(G, P, U, g).

[Ul—0

On the other hand, note that w, = w,, for any U* € S¥(U), we can find

e g(mzu)(”.L) (W 1y

izo 2

strings U € S,, (U ) such that

m

X, (U5 c Jx,, (U),

Uer

where 7 is the collection of such U. Using Stirling formula, there exists y, > 0 such that
M < exp(m(U)yl)
for all m(U)= N + 1,and y, — 0 as I/l — 0. Given w € F;, with lwl = N, and & >0, there is g C S*(&)

covering Z such that

M, (Z,a,®,U,N) = Zexp - (a+e)m(U)+ sup Sw#q)(x)

Ve veX, (U9
g e

> L 2 exp| —(a+&)m(U)+ sup S“,UCD(x) -22g(m(U), [U]|) - Bm(U)

M veg” xeX, (U)

> > exp(-(a+e+B+y+y)m(U)+ sup S, P(x)),

Vo xeX, (U)

where ¢'={U: U* € G, w,. = w,} denotes the set of all elements of all 7 corresponding to each U* € G/, B, A

are given by (1), (2) respectively and vy satisfies inequality (3). Moreover, we can get

M, (Z,a,O,U,N,g)2M,(Z,a+e+B+y+7y,P,UN),
which implies

M(Z,a, D, U,N,g)=2M(Z,a+e+B+y+vy,D,UN).
Take the limit N — o and we get
m(Z,a,®,U,g)zm(Z,a+e+B+vy+y,dU).
Therefore,
PG DU <P, (6D Ug)+e+B+y+7y,
and as|U/| — 0, thatis, 8 — 0, y — 0, v, — 0, we obtain
P,(G, D) < l‘iﬂ%r;fPZ(G,d),u,g) + &.

Since ¢ > 0 is arbitrary, we have
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P,(G, D)< l‘ilﬂr‘lianZ(G, DU, g).
>0

This completes the proof.

The quantity P, (G, @, g) is called the topological pressure of a free semigroup G under a mistake function g
with respect to @ on the set Z.
2.2 Definition of topological pressure of free semigroup actions under a mistake function by using the center of

mistake Bowen balls

Now, we introduce a definition of mistake Bowen ball B, (g; x,8) for a givenw € F,.

Fix a number § > 0. Given w € F; and a point x € X, the mistake Bowen ball B, (g; x,8) centered at x
with radius & and length |w| + 1 associated to the mistake function g is given by the following set, i.e. ,

B.(g5 %,8)={yeX: AL C A,y (AN < g(|w] + 1,8), max,._ {d( fulx),f(3)) ) <8},

where 4, ={w': w' <w}.

It is obvious that the (w, §)-Bowen ball is a subset of B, (g ; «,6).

Now, we describe another approach to redifine the topological pressure of a free semigroup G under a mis-
take function g by the center of mistake Bowen ball.

Define the collection of subsets

F¢={B,(g; x,0): xeX,wekF.}.

Givenw € F; with|w|=N,Z C Xand a € R, we define

m

M (Z,a,P,5,N, g) = i;lff z exp(—a . |w'| + S“rq)(x))

B (g; x.8)e G

where the infimum is taken over all finite or countable collections ¢* C F* covering Z (i. e., for any
B,(g; x,8) e G w < w' and U B, (g; x,6) D Z).

B (g5 x.8) e G

Put

M'(Z,o,®,8,N, g) —zMuZatI)SN ).

M r=x
It is easy to verify that the function M'(Z, a, ®, 8, N, g) is non-decreasing as N increases. This guarantees

the existence of the limit
m'(Z,a,®,8,g) = lim M'(Z,a, ®,6, N, g).

g
There exists a critical value of the parameter «, which we will denote by P,(G,®,8,g), where
m'(Z, o, @, 8, g) jumps from o to 0, namely,
(7., ®.5. ) = 0, a>P,G d,6,g),
©, a< PG, D8, g).
The following theorem proves that the two definitions of topological pressure of free semigroup actions un-
der a mistake function are equivalent.
Theorem 2 For any set Z C X, the following limit exists and equals to P, (G, ®, g) defined by using open
covers, thatis,
P, (G, @, g) = lim P} (G, ®,5, ).
Proof Our proof is adapted from Climenhaga's elegament argument in [ 11]. On the one hand, given § >
0, let

=AMD) = maX{ Hng H j=0,1,-,m - 1} ,
and

e(8) = sup{ @ (x) = @ (y)|: d(x,y) < 8,i=0,1,,m - 1} ,
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where | = sup ‘ @ (x) ’ Observe that since ¢, € C(X, R) and X is compact, ¢, is in fact uniformly continuous,
xeX

@

hence &£(8) is finite and 51er(1) £(6) =0. Now fix § > 0, choose a finite open cover Z/ of X with |U/|< & and let

m

L(Z) be the Lebesgue number of Z/ Given x € X, we F} and |w|=N, let & =<B,(/(g; X, ;E(&/)):

;E(L{)) e G¢, there exists U € S&,.,(U) such

xe X,w < J} be a open cover of Z, then for each Bwr(g; X,
that

B“,(g; X, ;ﬁ(U)) C X,,(Ug,)

1 ,
where g’ = g(\w’\ +1, ZE(Z/{)). Then for any y € X,.(U¢), we have

‘Squ)(y) - S, P(x) ‘ < 2/\g’(m(U5’,), ;E(U)) + m(U)e(d).

Set
6= v b e v J o) xw),

Note that m(U) = m(U*') = |w'| + 1, then

M, (Z,a,P,U,N,g')< z exp( —am(U)+ sup S, P(y)
U¢ e G

ye X (UF)

< z exp(—am(U) + S, ®(x) + 2Ag" (m(U), %ﬁ(b{)) +m(U)e(d))

B(es % 3 L(U)) < G

< efPa z exp (-|w'| (a = £(8)) + 2Ag" (m(U), %E(U))JFSW'CD(?C))
Boles v 3 £0U) € G
< @ ry-a, Z exp(—|w'|(a—8(5)—7)+S,,,’(I)(x))’
Bles % 3 L)) € G

1E(Z/I))sym(U) for all m(U)>N+ 1 and y — 0 as |U| — 0.

where vy is a function such that 2/\g’(m(U), >

Moreover, we can get
VL, U N, < 00 0 2o = (8) = 7, B, L L), Vo |
which implies

M(Z,a,®,U,N,g')< e . M’(Z,a -&(8)—v,® ! E(Z/{),N,g).

"2
Taking the limit N — oo yields
m(Z, o, ®, U, g") < e m’(Z,a -£(8)-v, D, ;E(L{))
This implies that
P,(G, D, U g )< P’Z(G,CD, ;E(U),g) +&(8) +v.
Asd — 0, thatis, &(8) — 0, It — 0, y — 0, we obtain
PG, ®, ) < g(mglgp'z(c, ®, ;L(U),g).

On the other hand, fix a cover Z/of X with |U|< 8. Given w € F;,

md

w|=Nand g¢ C & (&) covering Z,

we may assume without loss of generality that for every U* € G, we have X, (U*) Z = . Then for each
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U“ e Gi, we canchoosex, e X, (U*) Z. We observe

w,
ué

X, (U)CB, (2¢; x,.9),

where g"= g (‘ wy |+ 1, |u |) Denote F, the collection of all the mistake Bowen balls B, K(2g”; x,.»0) constructed

above and then

M (Z,a,D,U,N,g) = inf zexp —am(U)+ sup S, P(y)
gs ’

’
U e gf vex, @9 "
vé

> e - inf 2 exp(—aho | + S, gCI)(xUp))

F
“ |B, (2¢";x ,8)eF
" o w

ze* M (Z,a,®,6,N,2g").
It follows
M(Z,a,®, U, N,g)ze* M (Z,a,®,5,N,2g").
Hence
m(Z,a,®,U,g)ze  m'(Z,a, ®,8,2g").
This implies that
P,(G,®, U g)> PG, D8 2g").
Taking the limit as 6 — 0 gives
P,(G,d,g) = lirﬁn S:).lp P,(G, d,8,2g").

It is obvious that B, (g"; x,6) C B,(2g"; x,8), then we obtain
P,(G,®,g) = limsup P, (G, ®,8,g"),
50

which completes the proof.
2.3 Example

Let (X, d) be a compact metric space, f,,f:, **»f, -, continuous transformations from X to itself. Similar to
the definition of mean metric in [ 12 ], for anyx,y € X, w € F,, we define a mean metric I on X as follows:

|w|1+1 > d( ) furly).

d, (x,y) =
Forx € Xand 6 > 0, let
B (x,8) = {y eX:d,(x,y)< 6}.
In 2015, Groger and Jiger® gave a definition of topological entropy of the whole system in mean metric by
using separated sets, and proved that the topological entropy defined by mean metric is equivalent to the topological
entropy defined by Bowen metric. Similar to the process of defining topological pressure of a free semigroup G

in Section 1, we can also use the center of Bz(x, 8) to define topological pressure on non-compact subset Z, de-
noted by P, (G, ®).
Proposition 1 Forany Z C X, we have
P,(G,®)=P,(G D).
Now, we choose g(n, &) = ne. It's clear that this function satisfies the definition of the mistake function.
By the following lemma and Theorem 1, it is easy to obtain the above proposition, hence we omit the proof.

Lemma3 Foranyx e X, w € F,, and ¢ > 0, we have

B,(x,e)C Bz(x,e) CB,(g; x, Je ).
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+
m?

ifd,(x,y) < e, thend, (x,y) < &, sowe have
B,(x,&) C B-(x,¢).

Proof Foranyye X,w e F

Set
L={weA:d(fo(x).f,(y)<Vel, L={wedAd:df(x)fi(y)=Vel,

where A4, ={w': w' <w}. Since

DA (fulw)fur () + D d (fula,)fo(x,))

ﬁ;ﬂfml ) fr(xy)) = ~ +wff ]
Z d (forlo))fulo,) + Ve o,
o lw|+ 1

thenify € B, (v, &), i.e., d,(x,y) <&, wehave

of, <(lw|+ 1) Ve.

Thus, we obtain

glw' e A d(fo(x).fu(y) = Ve ) Jz

<
|w‘ + 1
Theny e B, (g; «x, «/;). Therefore, we have
B, (x,&) CB,(g; x, Ve).
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